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Abstract. We give a complete answer to the questions of factoriality, type classification 
and fullness for arbitrary free product von Neumann algebras. 

1. Introduction 

Let M\ and M2 be cr-finite von Neumann algebras equipped with faithful normal states 
ip i and (f2, respectively. The von Neumann algebraic free product (M,ip) of (M\,tpi) and 
(M2, 1P2) has been seriously investigated so far by utilizing Voiculescu's free probability theory 
and recently by Popa's deformation/rigidity theory. Some primary questions on M apparently 
are factoriality, Murray-von Neumann-Connes type classification, and when M becomes a full 
factor in the sense of Connes [3] under the separability of predual M* . Several partial answers 
to the questions were given in the mid 90s by Barnett [T], Dykema [5], [6], [8], and after then 
by us [24] ■ In particular, Barnett [1] provided a handy criterion for making M be a full factor 
and also showed (M v )' D M = C under a slightly weaker assumption than the criterion. At the 
same time Dykema [6] investigated the question of factoriality of M and computed the T-set 
T(M) under some hypothesis. After then Dykema [5] gave a serious investigation relying on 
free probability techniques to the questions at least when the given Mi and M 2 are of type 
I with discrete center. Despite those efforts it seems, to the best of our knowledge, that the 
questions are not yet settled completely. The main purpose of this paper is to give a complete 
answer to the questions. 

The new idea that we use in the present work is to work with the (^-preserving conditional 
expectation from M onto Mi (or M2) instead of the free product state <p. The idea comes from 
the formulation of von Neumann algebraic HNN extensions ([26]). (Recall that von Neumann 
algebraic HNN extension 'M = iV*D0' is formulated by using 'the' conditional expectation from 
M onto N rather than that onto the smallest D.) The conditional expectation Ei : M —> Mi 
still 'almost' satisfies the so-called freeness condition, and thus, in many cases, a suitable choice 
of faithful normal state, say t/j, on M\ allows to make the new functional ipo E\ 'almost' satisfy 
the freeness condition and have the large centralizer inside M\. Based on this observation we will 
give a convenient partial answer to the questions, that is, we will prove that M always becomes 
a factor of type Hi or III> with A ^ and satisfies M'DM^ = C if at least one of Mi's is diffuse 
without any assumption on the ifi's. This will be done in §3. Some of the results presented in §3 
may be regarded as improvements of our previous results [24] , and thus we borrow some minor 
arguments from there without giving their details. In the next §4, with the aid of Dykema's 
ideas in [5] (and also [8]) we will give a complete answer to the questions. Roughly speaking our 
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result tells that Dykema's 'factoriality and type classification results' in [5], [5] still hold true for 
any choice of (Mi,ipi) and (A/2, ^2)- The precise statements are as follows. The resulting M 
is always of the form Md © M c (possibly with AT = M c or other words Md = 0), where Md is a 
multi- matrix algebra and M c a factor of type Hi or III^ with A 7^ 0. As a simple consequence 
no type IIIo factor arises as any (direct summand of) free product von Neumann algebra. The 
multi- matrix part Md can be described explicitly by Dykema's algorithm (see [51 p. 42-44]) and 
the type of M c is determined by the T-sct formula T(M C ) = {t € M | erf 1 = Id = erf 2 }, though 
our proof cannot conclude ((M c ) ip \ M )' n M c = CI in general. Moreover M' c n M£ = C always 
holds, and hence the asymptotic centralizer (M c ) w is trivial. We would like to emphasize that 
our proof uses only one easy fact [5J Proposition 5.1] from Dykema's paper [5J (see Lemma 
12.21 for its precise statement) and is essentially independent of any free probability technique 
except the structure result on two freely independent projections (see [291 Example 3.6.7] and 
[31 Theorem 1.1]). Therefore our proof is self-contained and more remarkably rather short 
compared to [5J, though it does not work for identifying (M C ) V \ M with an (interpolated) free 
group factor even when both M\ and M2 are of type I with discrete center. 

One of the motivations of the present work is a result due to Chifan and Houdayer [2] . In 
fact, by utilizing Popa's deformation/rigidity techniques Chifan and Houdayer [2| proved, among 
others, that any non-amenable free product factor is prime. Hence a necessary and sufficient 
condition of factoriality and 'non- amenability' has been desirable for arbitrary free product von 
Neumann algebras. More than giving such a condition the main result of the present paper 
enables us to see, by Chifan and Houdayer's theorem [2j Theorem 5.2], that the diffuse factor 
part M c is always prime. Moreover a very recent work due to Houdayer and Ricard |llj also 
allows us to see that the diffuse factor part M c always has no Cartan subalgebra when Mi and 
M 2 are hypcrhnitc (or amenable). In the final §5 we give some remarks and questions related 
to the main theorem. 

This paper is written in the following notation rule: || — ||oo denotes an operator or C*-norm. 
The projections and the unitaries in a given von Neumann algebra N are denoted by N p and 
N u , respectively, and the central support projection (in N) of a given p <E N p is denoted by 
cn(p)- For a given von Neumann algebra N, its center is denoted by Z{N) and the unit of its 
non-unital von Neumann subalgebra L by 1l- The GNS (or standard) Hilbert space associated 
with a given von Neumann algebra N and a faithful normal positive linear functional if) on 
N is denoted by L 2 (N,ip) with norm || — ||^ and inner product (— |— Also the canonical 
embedding of N into L 2 (N, ijj) is denoted by A^,. When no confusion is possible, we will often 
omit the symbol A^, for simplicity; write ||x||^ instead of ||A^,(x)||^,. The notations concerning 
the so-called modular theory entirely follow 23 with the exception of A^, (the symbol rj^ is 
used there instead). The other notations concerning free products and ultraproducts of von 
Neumann algebras will be summarized in the next §2. 

2. Notations and Preliminaries 

2.1. Free products. For given c-fmite von Neumann algebras Mi and M2 equipped with 
faithful normal states ipi and tp2, respectively, the (von Neumann algebraic) free product 

(M,cp) = (M 1 ,i Pl )*(M 2 ,ip2) 

is defined to be a unique pair of von Neumann algebra M with two embeddings Mj c — > M 
(i = 1, 2) and faithful normal state ip satisfying (i) M = Mi V M2, (ii) <p\Mi = <Pi (* = 1j 2) and 
(iii) Mi and M2 are free in (M, <p), i.e., <p(x° ■ ■ ■ x|) = whenever x° S Ker^^) with ij 7^ ij+i, 
j = !,...,£— 1. See [35] for further details such as its concrete construction. 
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Let iV be a von Neumann algebra with a faithful normal state ip. For a subset X of N we 
write X° := Ker(^) n X = {x <E X \ ip(x) = 0}. Also, for given subsets X\,...,X n of AT, the 
set of all traveling words in subsets X\, . . . , X n (inside A) is denoted by k°(X\, . . . ,X n ), where 
x\ ■ ■ ■ xi is said to be a traveling word in the X^s if Xj G Xj, with ij =/= ij+i, J = 1, . . . , — 1. 
With these notations the above condition (iii) is simply re-written as ^>\a°(m° ,m°) = 0. 

As shown in [1] Lemma 1] , H Theorem 1] the modular automorphism af , t G K, is computed 
as l o~f — af 1 *cf 2 ' which means that ct^m, = (* = 1, 2). This fact immediately implies 
the next fact, which is a key of the present paper. It is probably well-known, but a proof is 
given for the reader's convenience. 

Lemma 2.1. There is a unique faithful normal conditional expectation Ei : M — ¥ Mi (i = 1, 2) 
with ip o Ei — (p, and it satisfies -EilA ( M o M o )\m? = 0- 

Proof. The existence of Ei follows from the above-mentioned formula of erf and Takesaki's 
theorem [21 Theorem IX.4.2]. We claim that A V (M ( ) and A ¥ ,(span(A°(A// 1 °, Af 2 °) \ M°)) are 
orthogonal in L 2 (M, ip), and also that the map A lfi (x) H> A lp (E i (x)), x e M, is extended to the 
projection Ei from L 2 (M, <p) onto the closure of A y (Mj). The first claim follows from the fact 
that Mi and M 2 are free in (M, <£)) , and the latter from the construction of Ei , see the proof of 
[21 Theorem IX.4.2]. Hence, for any x G A°(Mf , M 2 °) \ M? one has A (/ ,(£' l (a;)) = E.K^x) = 
so that Ei(x) = 0. □ 

In §4 we will repeatedly use the next 'free etymology' fact due to Dykema. We give a sketch 
of its proof for the reader's convenience. 

Lemma 2.2. ([5J Proposition 5.1]; also see H Theorem 1.2]) Let p G Z(Mi) p 6e non-trivial 
and set N := (Cp + Mi (1 — p)) V M 2 . T/ien Mip a?7,d pAp generate the whole pMp and are free 
in (pMp, (l/cpi(p))cp\ pM p)- Moreover c M (p) = c N (p). 

Proof. (Sketch) One can easily confirm that M\p and pNp generate pMp. In fact, for example, 
pxiyix 2 y2P = (x 1 p){py 1 p){x 2 p){pv2p) J r{xip){pyiX2{l-p)v2p) G Mip-pNp- Mip-pNp + Mip- 
pNp for x\,X2 G Mi and 2/1,2/2 G M 2 . The freeness between Mip and pNp follows from the 
following fact : Note that (Cp+ M 1 ( 1 - p) ) + span ( A° ( (Cp + Mi ( 1 -p) ) , M 2 ° ) \ (Cp + Mj ( 1 -p) ) ) 
forms a dense *-subalgebra of A in any von Neumann algebra topology, and thus any element 
in the kernel of (p\ P Np can be approximated by a bounded net consisting of linear combinations 
of elements of the form pxp with i£A°( (Cp + M\ ( 1 — p) ) , M 2 ) whose leftmost and rightmost 
words are from M 2 . It remains to see cm{p) = cn(p). Clearly cm(p) > cn(p) since M D A, 
and it suffices to see cm(p) < cn(p)- Since cjv(p) commutes with Mi(l — p) and moreover since 
cn(j>) ^ cjv(p) must commute with Mi = Mip + Mi(l — p). Also cjy(p) commutes with Af 2 
too so that cat(p) G Z(M). Hence cm(p) < cjv(p). □ 

2.2. Ultraproducts. (See i:i Ch.5],[3J §II,§III] and [21 §§2.2] for details.) Let A be a cr-finitc 
von Neumann algebra. Note that the constructions in [H §5.1] reviewed below are applicable 
even for a- finite (= countably decomposable) von Neumann algebras as in d §11]. Take a free 
ultrafilter ui £ (3(N) \ N. (/3(N) denotes the Stone-Cech compactification of N.) Define /^(A) 
to be the set of all x — (x(m)) m G £°°(N, A) such that limm^^ x(m) — in strong* topology. 
The ultraproduct A" is defined as the quotient C*-algebra of the multiplier Ai(I u (N)) := 
{x G £°°(N, A) I xI u (N) C I u (N),I u (N)x C J W (AT)} by its C*-ideal ^(A), which becomes a 
von Neumann algebra. By sending x G A to the constant sequence (x, x, . . . ) G M.{I U1 (N)) the 
original A is embedded into A w as a von Neumann subalgebra. Any (faithful) normal positive 
linear functional ip on A induces a (resp. faithful) normal positive linear functional tp^ on A" 
defined by ^(x) = ]im m ^. u ip(x(m)) for x G A" with representative (x(m)) m G ^(/^(A)). 
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If L is a von Neumann subalgebra with a faithful normal conditional expectation E : N — > L, 
then the natural embedding £°°(N,L) £°°(N, 2V) gives a von Neumann algebra embedding 
L u «-> A^ u and i? can be lifted up to a faithful normal conditional expectation E u : N M —> L w 
that is induced from the mapping (x(m)) m S M(Iu,(N)) \-> (E(x(m))) m e 

Define a smaller C*-subalgebra C U (N) than M.(Ia,(N)) to be the set of all x = (x(m)) m € 
£°°(N, AT) with lim m ^ w ||[x(m),x]||jv* = for every \ & N *, where [x(m),x](v) : = x{yx(m)) - 
x(x(m)y) for y E N. Then C UJ (N) still contains I U (N), and the asymptotic centralizer 
is defined to be the quotient C*-algebra of Cu(N) by Iu(N) which becomes a von Neumann 
algebra. The inclusion relation C UJ (N) C M.(Iui(N)) gives a von Neumann algebra embedding 
N u AT" . It is not so hard to see that C JV'fl A 7 "" . However the equality does not hold 
in general. (In fact, such an explicit example exists. We learned it from Professor Masamichi 
Takesaki some years ago. We thank him for explaining it.) Thus N' n N u = C implies that 
Nu — C . The reverse implication is known to hold only when N is finite (see [3J Corollary 3.8]), 
and not known in general. Remark that the property of W n N u = C is a stably isomorphic 
one for factors. Namely, if (pNp)' n (pNp) u = C for some non-zero p £ N p , then so is the 
original A~ when N is known to be a factor. In fact, since N is known to be a factor, N = pNp 
or we can choose a smaller e € N p than p so that N = (eNe)®B(IC) for some Hilbert space 
JC. The first case is trivial. For the latter case, note first that N = (eNe)<g)B(lC) implies (N C 
N u ) ^ (eNe C eN u e)®B{K) since N sits inside N u , and hence N' H A 7 " = (eAe)' n (eN u e). 
Clearly eN u e = e(pNp) u e, and then (eATe)' H (eA^e) = Ce by [30] Lemma 4.1] or [HI Lemma 
2.1]. 

The ultraproduct W of "H := L 2 (N,ip) is defined to be the quotient of £°°(N,'H) by the 
subspace consisting of all (£(m)) m with linim-^ ||C( m )l|w = 0. It becomes again a Hilbert 
space with inner product (^r])^ = lim m ^ u (£(m)\Ti(m))-H f° r £i?7 G with representatives 
(C( TO ))m, (??(m)) m , respectively. The GNS Hilbert space L 2 {N U , ip") can be embedded into 
as a closed subspace by A^(x) [(A^,(x(m))) m ] for x € AT W with representative (x(m)) m . 



3. Analysis in The Diffuse Case 



Throughout this section let Mi and Mi be a-finite von Neumann algebras equipped with 
faithful normal states <pi and if2, respectively, and (M,<p) be their free product, see §§2.1. 
The next is a slight generalization of [231 Proposition 1] 

Proposition 3.1. If A is a diffuse von Neumann subalgebra of the centralizer (Mi),/, with some 
faithful normal state tp on M\ and if x £ M satisfies xAx* C Mi, then x must be in Mi. 

Proof. Let us make use of the idea in the proof of [HI Lemma 2.5] as in [24J Lemma 1]. The 
main difference from [24j Lemma 1] is the use oftpoEi instead of the free product state ip itself. 

Note that any word in A°(M 1 °, M|) \ M° is of the form ay°b with a word y° £ A°(M° ,M 2 °) 
beginning and ending at M£ and a, 6 € M{ > U{1}. In what follows let ay°b be such an alternating 
word. Then for any partition of unity {ei}™ = i in A we have 



\i;oE 1 {x*{ay°b))\ 2 = |^> o E 1 ( £ e;x*ay°&) 

»=i 

n 

= pi o £?i ^ eix*ay°be 
»=l 

n 

< || ejX*ay°bei 



i=i 



2 

ipoE\ 



(by the Cauchy-Schwarz inequality) 
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5>M*£i((y°)*(< 



a* xeiX* a)y°)bei) (since e^- = if % 7^ j) 



■■> 1 



= X! ( fi{ a *xe i x*a) ip(eib* E 1 ((y°)*y°)be l ) 



i=i 



< <p x {a*xx*a) \\b*E 1 ({y )*y°)b\\ rxi max Vfe), 

KKn 



where the second line follows from the fact that 6j E A C (Mi)^, C M^ e 1 and the fifth 
line from Lemma HO and (y°)* (a* xe^x* a)y° = ipi(a* xax* a)(y )* y° + (y°)*(a*xeiX*a)°y with 
(a*xeiX*a)° :— a*xeiX*a — tpi(a* xeix* a)l E Af^ due to xeiX* E Mi. Since A is diffuse, 
maxi<i<„ V'(ei) c a- n be arbitrary small so that x is orthogonal to ay°b in L 2 (M, ip o E±). 

Let aj/°6 be as above, and take arbitrary c E Mi. By Lemma [Ol one has -0° E\(c* (ay°b)) = 
ip{c*aEi(y°)b) =0, and thus Mi and span(A°(Af 1 °, M 2 °) \ M°) are orthogonal in L 2 (M, i\) ° £i). 
Clearly Mi + span(A° (Mf , M|) \ M{") is dense in M in any von Neumann algebra topology, 
and hence we have K^oe^x) = EiA^, e 1 (x) — A^ )0 e 1 (Ei(x)) implying x = E x (x) E Mi, where 
Ei denotes the projection from L 2 (M, rp o E\) onto the closure of A x p Q E 1 (Mi) induced from E\, 
see the proof of Lemma 12.11 □ 

The next corollary is immediate from the above proposition. 

Corollary 3.2. If A is a diffuse von Neumann subalgebra of the centralizer (Mi)^, for some 
faithful normal state on Mi, then Nm{A) = Nm 1 {A) and A' n M = A' (1 M\, where Np(Q) 
denotes the normalizer of Q in P, i.e., the set of u E P u with uQu* = Q, for a given inclusion 
P 2 Q of von Neumann algebras. 

In particular, any diffuse MASA (semi-regular diffuse MASA, or singular diffuse MASA) in 
Mi which is the range of a faithful normal conditional expectation from Mi becomes a MASA 
(resp. semi-regular MASA or singular MASA) in M too. 

As in [231 Corollary 4] we can also derive the next corollary from the above proposition. 

Corollary 3.3. Suppose that there are a faithful normal state ip on Mi and a diffuse von 
Neumann subalgebra A of the centralizer (Mi) Then, A{= A®C1) C MiX^RC Mx^o^R 
satisfies A' n (M M^oSj R) = A' n (Mi M CT « R) . 

With the help of some general facts on von Neumann algebras we can derive the next facto- 
riality and type classification result from the above proposition and corollaries. 

Theorem 3.4. // Ml ^C^ M 2 and if either Mi or Mi is diffuse, then M is a factor of type 
III or Ilh with A ^ {), and its T-set is computed as T(M) = {t E R | of 1 = Id = a? 2 }. 

Remark that the type of M is completely determined by the T-set in the above case, since M 
is of type Hi or IIIa with A 7^ 0. The proof below gives an explicit description of the (smooth) 
flow of weights of M, which explains that no type IIIo free product factor arises under our 
hypothesis. (Another explanation of this phenomenon is given later by showing M u = C, see 
Theorem 13771 thanks to .3, Theorem 2.12].) 

Proof. Note that any diffuse er-finite von Neumann algebra is (i) a a-finite von Neumann algebra 
with diffuse center, (ii) a (possibly infinite) direct sum of non-type I factors, or (hi) a direct 
sum of algebras from (i) and (ii). Hence we may and do assume 




(a finite or an infinite direct sum), 



k>l 
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where Z(Qq) is diffuse and the Qk's are non-type I factors. By [1J Corollary 8] for the separable 
predual case, Theorem 11.1] for the general er-finite case, there is a faithful normal state ipk 
on each Qfc (k > 1) so that {Qk)t/> k contains a diffuse von Neumann subalgebra A^. Take a 
faithful normal state ipo on Qoi and define a faithful normal state 

i> := (l/2)^o © ^ e (l/2 fc+1 )^ on Mi = Q ® ® k - 

k>l k>l 

Then (Mi),/, clearly contains the diffuse von Neumann subalgebra 

A:=Z(Q )(B ^® A k . 

k>l 

Therefore, by Corollary 13.21 and Corollary [33] we have 

(a) ((M 1 V)'nM=((M 1 )^)'nM 1) 

(b) (Mi x CT ^ R)' n (M xj ct *o Ei R) = Z(Mi x a v R). 
By [H Corollary IX.4.22, Theorem X.1.7] 

(m ■a, 7 4.oe 1 R D Mi x CT * RJ = (m -A aV1 o El R D M x x CT ^i r) 

spatially, and thus (b) implies 

(b') (Mi R)' n (M M CT <c R) = Z{Mx x^ R) 
(n.6. (pi o Ei = <p). Hence, by the argument in [24 , Theorem 7] we get 

Z(M x CT „ R) = (C x R) n 2 (Mi x ctM R) n Z(M 2 x^ 2 R) C C x R. 

Hence we see that M is a factor and not of type IIIo by ergodic theoretic argument as in [531 
Corollary 8] or by harmonic analysis argument, c.f. [T6] . 

We then compute T(M). For t G T(M) there is u G M" such that af oEl = Adu. By (a) we 
have u G M". Using the Connes Radon-Nikodym cocycle [Dipi : Dtp) t ( 23, §VIII.3, Corollary 
IX.4.22]) one has af = Ad[LVi : Dtp] t o af oEl = Ad[Zfyi : Dip] t u and [Dipi : Dtp] t u G Mf. 
Hence, by the argument in [24, Corollary 8] we get [Dipi : Dtp] t u G CI so that erf = Id. Hence 
T(M) = {t G R | erf = Id} = {t G R | af 1 = Id = af 2 }. 

Finally, notice that the above T-set formula shows that M is semifinite if and only if (p is 
tracial. Thus it is impossible that M becomes of type IIqo or type I,^. It is also impossible that 
M becomes of type I„ due to its infinite dimensionality. □ 

We will then prove that the free product von Neumann algebra M satisfies M 1 n M u = C 
under the same hypothesis as in Theorem 13.41 Let M w , Mf and M$ be the ultraproducts of 
M, Mi and M2, respectively. Thanks to Lemma [2.11 Mf and Mf can naturally be regarded 
as von Neumann subalgebras of M", and Ef : M u — > Mf denotes the canonical lifting of Ei, 
i= 1,2, see §§2.2. 

Proposition 3.5. If there exist a faithful normal state ip on Mi and u,v G ((Mi),/,)" such that 
tpi(u n ) = S n .o and ip(v n ) = 5 n> o for n G Z, then for any x G {u, v}' f] M" and any y° G M 2 
one has \\y°(x - Ef(x))\\^ oEl )«< < || [x, y°] \\ ^ oEl )» ■ 

Proof As in [35J Proposition 5] an estimate technique used below is essentially borrowed from 
[T51 Lemma 2.1], but several additional, technical difficulties occur because we use ipoEi instead 
of the free product state ip. 

In what follows, write M? := Ker(^). It is not hard to see that span(A°(M° , M|) \ Mf) 
coincides with the linear span of the following sets of words: 

Mi M 2 ---Mi V , M°---M 2 °, Af 2 °---Afi v , M 2 ° • • • M 2 ° (3.1) 
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by using the decompositions x £ Mj (ySi(x)l + (x — (fi(x)l) £ CI + M° (i = 1,2) and 
x £ Mi i — ^ + (x — -0(a;)l) G CI + Ml . Here and in the rest of this paper we denote, for 

example, by M°M 2 ° ■ ■ • Ml the set of all words x\x\ • • • x^nV^ with the following properties: n 



can be an arbitrary natural number, both x^£_ 
and moreover y v £ Ml . We easily have 



(M°---M°)*(M°M° 
(M%---Ml)*(M?M$ 
(M2---M2)*(M?M% 
(M 2 ° •••M 1 V )*(M 1 C 

(M 2 °...M 2 °)*(Af° 



x € Ml and a;^ € M 2 ° hold for every £ = 1, . 

■■Ml) c M^+Ker^), 
■•M x v ) cKer^), 

■•MS) C Ker(Bi), 
■•M^cKer^), 
■■Ml) C M^+Ker^r) 



by using the decompositions x £ Mi H> ^j(a;)l + (x — ifi(x)l) £ CI + M? (i = 1,2) again 
and again. Hence the four sets of words in fl3.1[) are mutually orthogonal in L 2 (M,ip o E\). 
Write H := L 2 (M,ip o E\) for simplicity and denote by X\, A?2, X3, X4 the closed subspaces 
of T-L generated by the sets in (|3.ip . respectively, inside H via A^oEi- Then we see % = 
A^ oBl (Mi) © Xi © X 2 © X 3 © Xi as in the proof of Proposition [XT] Denote by Pfe, k = 1, 2, 3, 4, 
the projection from "H onto A^, and clearly 



- 5^-Pfc)A^aB!(x) = ^ oEl (El{x)), X £ M. 



(3.2) 



fe=i 

Define two unitary operators S, T on % by 

SA^ oEl (x) := A^ob^u^w*), TK^ oEl { x ) : = A^ob^wxu*) 
for x £ M . Here is a simple claim. 
Claim 3.6. We /iGroe: 

(3.6.1) {S n Xk}nei, is a family of mutually orthogonal subspaces for k = 3,4. 

(3.6.2) {T n X2}nez is family of mutually orthogonal subspaces. 

Proof. (3.6.1) is shown easily, so left to the reader. (3.6.2) follows from 
(v n (M° ■ ■ ■ M°)v- n )*{v rn (M° ■ ■ ■ M°)v- m ) 

(M°v m ~ n M°) ■ ■ ■ M°v- m C Cv n - m + v n Ker(Eh)v- 



v n M° ■ 



In fact, one easily observes M 2 ° ■ • • (M°v m ~ n M°) ■■■Mi C CI + span(A°(A/ 1 °, M 2 °) \ M x °) by 
using the decompositions x £ Mi >-> ipi(x)l + (x — ipi(x)l) £ CI + M° (i = 1,2) again and 
again. □ 

Choose and fix arbitrary x £ {u,v}' n M u , and let (x(m)) m be its representative. For each 
n £ Z we have 



(a; - u n xu ") , , _, . = 0, 



lim A^ £ 1 (a;(m) - u n x(m)u ") = Au oSl w(a 

HA^o^^Cm) - i) n i(m)B _ ")| i(oBi = ||A^ oBl)M (x - w™^"™)|| ( ^ oi j l)t , = 0. 
Thus, for each e > and each no € N there is a neighborhood in /3(N) at w so that 

l!A^ _B 1 (a;(m) - -u n x(77i)M n )||^ £; 1 < e, || A^o^ (x(m) - u n a;(m)u n )||^oE a < e (3.3) 
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for every n € N with |n| < uq and for every to G W ("IN. For A; = 3, 4 and for every m € W H N 
we have 

ll 1 1 2 

PfcA^ oSl (x(m)) 



I ipoE\ 



i2 

I ipoE\ 



= 2^~TT ^ ||S n P fe A^> El (z(m)) 

n— — no 

1 n ° 

" 2^TTT ^ 2(||5"F fc A^ 1 (x(m))-5"P fe 5-»A^ 1 (x(m))||J oBi 

n— — no 

+ ||S n flfeS- n V Bl ( a ;(m))||J oB . 

2 "° 

= ^TT (||S n flk5- n V^(« n »M«- n -a:(m))||J oBi 

n— — no 

+ \\S n P k S- n A i!oEl (x(m))\\l oE 



< 



2n 



< 2e z 



< 2e z 



-i S 

n— -no 

2 , 
2n + 1 ' 



S 



A^ oEl (a;(m))| 



n P k S- n A^ El (x(m))\\l oEi ) 



■||(a;(m)) m | 



2 

oo ' 



2n + 1 

where the first equality is due to the unitarity of 5, the second inequality is obtained by the 
parallelogram identity, the fourth is due to (|3.3j) . and the fifth comes from (3.6.1) together with 
the fact that S n PkS~ n is the projection onto S n Xk- The exactly same argument with replacing 
S and (3.6.1) by T and (3.6.2) shows 

2 

\\P2^o El {x{m))\\l oEl < 2e 2 + 2no + 1 H(a;(m)) m ||g 

for every to € W n N. Consequently, for each 5 > there is a neighborhood W 7 ^ in /3(N) at w 
such that 



(Pa + P.3 + P4)A^oi? 1 (a;(m)) 



ipoE\ 



< s 



(3.4) 



as long as to € Wa n N. 

We then regard L 2 (M", (ipoEi)") as a closed subspace of the ultraproduct % w as explained 
in §§2.2. Choose and fix arbitrary y° e M^. We have 

A^ oEl) „(y°(x-E?(x))) - f(y°P 1 A^ oBl ( a; (TO))) 



lim ||A^ £; 1 (y (a;(TO) — Ei(x(m)))) - y°PiA 1 p oEl (x(m)) \ 



< sup \\A^ oEl (y°(x(m)-E 1 (x(m))))-y°PiA^oE 1 (x(m))\\, E 

meW 6 nN v 1 



<l|y°IU sup \\(P 2 + P 3 + P4)A^ oEl (x(m))\\ 

mew s n® v 1 

,5 



(use dO l) 



< ||» 1100- 

by (j3.4[) . Since 5 > is arbitrary, one has, in 

A^oBO-^ ^ ~ s ))) = (v C ' P\A^ oEl {x{m))) ? 
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Also it is trivial that 

A {4 , oEl)u (y°E?(x)-E?(x)y°)= [(A^ oEl (y° E^m)) - E^m^y ) 

Set 



1 



+ 00 



+ OO 



-t 2 /n ipoE 1( o 



(y°)dt 



D^:D Vl ) t at 2 {y°)[D^:D Vl )* t dt, 



which falls into the a-weak or equivalently cr-strong closure of the linear span of M\M^M\. 
Remark (see [531 Lemma VIII. 2. 3]) that t H> &t° El (yn) is extended to an entire function, still 
denoted by cr* - 6 ' 1 (y°), z <= C, for every n £ N and y° — > y° 0- weakly as n — > 00. For each 
fixed n we have 

A^ oEl) 4(x - E<?{x))y° n ) - [(Jatl^iy^TJPiA^Mm))), 
= m®L \\ A Tp°Ei((x( m ) ~ E i{x{m)))y° n ) - Jat°f 2 1 (ynyjPi^oE 1 (x( m ))\\ i;oEl 
= lim || Jat ^ 1 (yn)* J(^oEA x ( m ) - E i(x(m))) - PiA^ oEl (x(m))) \\^ oEi 

tpoE-i 



< sup || Ja" p _°^{y n )*j(A i , oEl {x{m) - E x {x{m))) - PiA^ oEl (x(m))) \\ . „ 

tpoEi / oi» 



< ii^/iw^iu 

as before by (|3.2|l . (|3.4|l . where J is the modular conjugation of M r\ H = L 2 (M, o E%) and 
we used [23l Lemma VIII. 3. 10]. Hence we get 

A^ oEl)u ((x-E?(x))y° n ) = [(Jat°^{y° n TJPiA 4 , oEl {x{m))), 

in W . Note that M?y° sits in the cr-strong closure of the linear span of M^MxM^My (c 
Mi Ml Mi). Then we observe that 



y°PxA^ oEl {x{m)) £ spanA^ B 1 (M|M 1 °M| • • • Mf) 

S v ' 

length >4 

is orthogonal to 

A^E^E^xim)) - E^xim^y ) £ A 4 , oEl (M°M 1 - MiM 2 °) 



C A 1 p oEl (M 2 °) © span A^, Bi (M^M^ 



© span A^oBi (M°M°), 



(y°)*JPiA^ El (x(m)) £ Jal°% (y° n )*J- span A^ oBl (MfMJ • • • Mf) 



i/2 



C span A^ oEl {M°M° ■ ■ ■ Mfy° 



C A^oe^Mi) © spanA^cE^iTM^ • • •), 

length >2 

which can be checked by using the decompositions x £ A'U i-> ipi(x)l + (x — ipi(x)l) £ CI + 
M° (i = 1,2) and i6li4 + (x - tp(x)l) £ CI + M x v . Hence we conclude that 

\i,oE 1 y(y°(x - E?(x))) is orthogonal to A^ oEl ^ (y°E?(x) - E?(x)y°) and A^ oEl ^((x - 
E ii x ))Vn)- Moreover, 

(A (v , oEl) . ((x - ^(^))2/ )| H^E ir (y°(x ~ E?(x)))) u 
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= Urn (A (v , oBl) .((x - E?(x))y°)\A {i , oEir (y°(x - £?(*)))) = 
since y° — > y° a- weakly, as n — > cxd. Therefore, 

\\y°(x-E?(x))\\^ oEi)w < \\y°x-xy°\\ (i>oEi) „. 
Hence we are done. □ 
As in Theorem 13.41 the previous proposition implies the next theorem. 

Theorem 3.7. // Mi ^ C ^ M 2 and if either Ml or M 2 is diffuse, then M' n M u = C. Also, 
if either (Mi) Vl or (M 2 ) V2 is diffuse and the other (M i ) iPt ^ C, then {M v )' n M" = C. 

Proof. We may and do assume that Mi is diffuse. As we saw in Theorem l3.41 there is a faithful 
normal state ip on Mi whose centralizer contains a diffuse von Neumann subalgebra A. Since 
A is diffuse, one can construct two von Neumann subalgebras B\ , B 2 of A in such a way that 
(-Bij^iIbj) and {B 2 ,iP\b 2 ) are copies of the infinite tensor product of C 2 with the equal weight 
state (1/2, 1/2), which is naturally isomorphic to (i°°(T), L • fij(dQ) with the Haar probability 
measure /if on the 1-dimensional torus T (see e.g. |22[ Theorem III. 1.22]). Hence one can find 
u,v £ A u in such a way that <pi(u n ) = 5 n .o and ip(v n ) — o" n .o for ndZ. Since M2 7^ C, there 
are two orthogonal non-zero ei, e 2 G M% with ei + e 2 = 1. Set y° := tp 2 (e 2 )ei — (p 2 (ei)e 2 € M$ , 
and by Proposition 13.51 we get n M" C M", since y° is invertible. It is easy to see 

that M-f and are free with respect to ^ (see e.g. [551 Proposition 4]). Hence we conclude 
{u, v, y°}' n M u = CI because (M^)°y°, y°(M")° are orthogonal in L 2 (M", 

The last assertion follows from the same argument as above. In fact, we may and do assume 
that (Mi) Vl is diffuse and {M 2 ) ip2 7^ C. Then the above i/j is chosen as <~p\ itself and consequently 
u = v € (Mi) Vl . Moreover one can choose y° from (M 2 ) ip2 . Thus the above argument shows 
that (lynlf C {u = v,y°}'nM u = C. □ 

4. Main Theorem 

4.1. Statements. Let Mi and M 2 be arbitrary cr-finite von Neumann algebras and tp± and ip 2 
be arbitrary faithful normal states on them, respectively. For the questions mentioned in §1 we 
may and do assume that Mi / C / M 2 and dim(Mi) + dim(M 2 ) > 5. Otherwise, the resulting 
free product von Neumann algebra M is either Mi (when M 2 = C), M 2 (when Mi = C) or 
(C © C) * (C © C) whose structure is explicitly determined by the structure theorem on two 
freely independent projections, see [2S1 Example 3.6.7] and [5J Theorem 1.1]. We can write 
M 4 = M hd © M hC (i = 1, 2), where 

M,d = /J B(Hij) or = possibly with dij := dim(?{y) = 00 

jeJi 

and Mi tC is diffuse or M^ c = 0. We can then choose a matrix unit system {e^p} s ,t of B{T-Lij) 
that diagonalizes the density operator of ipi\B(H tj )i that is, 

d i j 

with AP > A 2 y) > ■ ■ ■ . 

With these notations the main theorem of this section is stated as follows. 

Theorem 4.1. Under the above assumption the resulting free product von Neumann algebra 
M of (Mi,(pi) and (M 2 ,(p 2 ) is of the form Md © M c possibly with Md = 0, where Md is a 
multi-matrix algebra and M c is a factor of type II\ or III\ with A ^ whose T-set T(M C ) is 
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computed as {t £ M | erf 1 = Id = erf 2 }. Moreover M c always satisfies M' c n = C, and hence 
(M C ) U = C. 

T/ie explicit description of the multi-matrix part Md is as follows. If the supremum of all 
<fi(e) with minimal e £ Z(Mi^) p , % — 1,2, is attained by only one minimal p £ Z(Mi 0i d) p with 
io € {1,2} smc/i i/iai Mi Qt dP = Cp, and moreover if 

J l ■= {i e J *o I E "7777 $ 1 ^Tt} ^ 

with {i' Q } — {1,2} \ {io}, then the multi-matrix part Md is isomorphic to 

o 

and the copy of B(Hi> Q j) inside Md is given by the matrix unit system 

:=e5S J) ( A e d f\ P Ae$P)e^)e d f\ 1 < s,t < d := (4.3) 
t'=i 

(n.b. d — di' Q j must be finite due to (|4.1j0 . Moreover the free product state ip satisfies 

d i' i 

<p(J^) = 5 st (l - (1 - ^(p)) ^ JL) . (4.4) 

r=l Ar 

Otherwise, M d = 0. 

Remarks 4.2. (1) The only one 'largest' central minimal projection p in the explicit description 
of M d must satisfy fi {p) ^ 1/2. (2) The condition (14.11) says that only B^H^) with d^j ^ 

1/(1 — tpi (p)) may appear in the multi-matrix part M d . (3) The matrix units fsl s m (|4.3|) is 
nothing less than the 'meet' of p and the 's in the sense of Dykema [3 §!]• Note that (14.3[) 
shows that the minimal p £ Z(Mi 0t d) p in the description of Md dominates lM d - (4) The proof 
below (see §§4.2.3) shows a very strong 'ergodicity' of tp, that is, ((M c ) p | M )'nM" = C, at least 
when both Mi = Mi i( j and M2 = M2,d hold. (5) Theorem 14.11 completes to show the following 
expected fact: the given 'non-trivial' free product von Neumann algebra M is 'amenable' if and 
only if both Mi and M2 are 2 dimensional, which is analogous to the well-known fact that only 
I12 * becomes amenable among the free product groups. 

As mentioned in §1 some recent results in Popa's deformation/rigidity theory due to Chifan- 
Houdayer and Houdayer-Ricard enable us to give more facts on the diffuse factor part M c . 

Corollary 4.3. If ' M% and Mi have separable preduals, then the diffuse factor part M c always 
has the following properties: (1) M c is prime, that is, there is no pair P\,Pi of diffuse factors 
such that M c = Pi®Pi. (2) If the given M\ and Mi are hyperfinite (or amenable), then any 
non-hyperfinite von Neumann subalgebra of M c that is the range of a faithful normal conditional 
expectation from M c has no Cartan subalgebra. 

Proof. When M = M c , [H Theorem 5.2] directly implies the assertion (1) since we have known 
that M is a full factor (and hence not hyperfinite). When M ^ M c , the same proof of [2 
Theorem 5.2] with replacing the projection p £ L(R) there by 1m c ® p £ Z(M)®L(M) (which 
sits inside the continuous core of M) works well for showing that M c is prime, since M c is a 
full factor. The assertion (2) on M c is easily derived from [TTJ Theorem 5.4 (2)] as follows. 
Suppose that a given non-hyperfinite von Neumann subalgebra N of M c which is the range of 
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a faithful normal conditional expectation En from M c has a Cartan subalgebra A. We can 
choose a Cartan subalgebra B of Md since Md is a multi-matrix algebra. It is clear that B © A 
becomes a Cartan subalgebra of Md © N, a von Neumann subalgebra of M, which is the range 
of IdM d © Hence, applying [TTJ Theorem 5.4] to B @ A C Md © N we conclude that 

© A~ must be hyperfinite under the assumption of the assertion (2). But this contradicts 
the non-hyperfiniteness of N. □ 

Remark that the statement of the above (2) is almost valid true even when M (or M c ) has 
the weak* complete metric approximation property (see e.g. [151 Definition 2.9]); under that 
assumption the diffuse factor part M c has no Cartan subalgebra due to [TTJ Theorem 5.4 (1)]. 
A very recent work due to Ozawa |14) makes it hold under the weaker assumption that M (or 
M c ) has the weak* completely bounded approximation property. 

4.2. Proof of Theorem 14.11 This subsection is entirely devoted to the proof of Theorem 
14.11 We start with one simple fact which will repeatedly be used in the proof without any 
claim. If a given (unital) inclusion of von Neumann algebras, say N\ C N 2 , satisfies that 
(pNip)' n (pN 2 p) = N[p H (pN 2 p) = Cp and cjvi(p) = 1 for some non-zero p £ Nf, then the 
original inclusion is stably isomorphic to pN\p C pN 2 p and hence JV{nJV2 = C. In fact, choose 
arbitrary / 6 Z{Ni) p . Then fp = pfp falls into Z(pNip) p so that fp must be p or 0. If 
fp = p, then the definition of cn 1 (j>) implies 1 = cjvi(p) < /, i-e., / = 1. Also, if fp — 0, then 
f(xp£) = for all x g N\ and £ £ H, a Hilbert space on which N± acts. This shows / = 0, 
since NipH is a dense subspace of c_N 1 {p)'H and c/vi(p) = 1. Hence iVj, is a factor. Therefore 
we conclude that pN\p C pN 2 p is stably isomorphic to the original A?i C A^ in the same way 
as in the proof of the fact that the property of 'N' n A^" = C is a stably isomorphic one (see 
§§2.2). 

If Mi d = or M 2 ,d = 0, then the desired assertions immediately follow from Theorem 13. 4[ 
Theorem 13.71 in §3. Hence we need to deal with only the following cases: 

(a) all Mi t a, M 1>c , M 2 , d and M 2 , c are not 0. 

(b) Mi td , Mi jC and M 2 ,d are not 0, but M 2 , c = 0. 

(c) M hd , M 2 ,d and M 2 , c are not 0, but M 1>c = 0. 

(d) both Mi, c and M 2 , c are 0. 

Lemma T2.2I enables us to reduce the cases (a),(b),(c) to the case of M\ y d = or M24 = and 
the case (d). Thus, if the case (d) is assumed to be confirmed already, then one can easily treat 
the other cases as follows. 

4.2.1. The proof of the cases (b),(c). By switching Mi and M 2 if necessary it suffices to deal 
with only (b). Consider the inclusion M D N := (M 1>d © Cl Ml , J V M 2 . Clearly (N, <p\ N ) is the 
free product 

(M M © Cl Ml , c )*(M 2 ,^2). (4.5) 

Moreover, by Lemma [2~2l the pair (1mi, c M1mi >o) {^-1 ( p{^-m 1 , c ))<-p\i Mi mi Mi ) i s a l so trie fr ee 
product 

(M 1 , c ,(lM(lM 1 ,J)^i|M 1 ,J*(lM 1 , Ari Mli0) (l/^(l Mli J)^| lMiciV i Mii J (4.6) 

and cn(1m 1iC ) = cm(1m 1iC )- Note here that the free product (|4.5p is in the case (d) since M 2 = 
M 2t d- If ( / 7 i(1mi c ) is strictly greater than the supremum of all tpi(e) with minimal e € Z(Mi^d) p , 
i = 1,2, then the central support projection cat(1mi c ) must be 1 since all the assertions are 
assumed to hold in the case (d). Hence M is stably isomorphic to 1^ c M1m 1 c that satisfies 
the desired assertions except the T-set formula by Theorem 13.41 and Theorem 13.71 due to (|4.6|) . 
We have known that T(M) = T(l Ml , c Ml Ml , c ) = {t € R | erf |i Ml c jvi Mi c = Id = af 2 }, and 
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then by assumption af\% Mi e Nl Ml c = Id if and only if erf 1 Ml ' d = Id = af 2 since 1m 1iC N1m 1iC 
contains, as direct summand, a certain non-trivial compressed algebra of the diffuse factor part 
N c by a projection in (N C ) V \ N . Hence we have obtained the desired T-set formula. By the 
T-set formula, it is easy to observe that M is never of type IIoo so that the assertion on the 
type of M = M c holds. The triviality of M' n M w with M = M c also holds since the property 
of l N' n N u = C is a stably isomorphic one as remarked in §§2.2. 

Otherwise, that is, when ipi(1m 1c ) is less than the supremum of all <pi(e) with minimal 
e € Z(Mi,d) p , i = 1, 2, what we have shown in the case (d) says that N is either 

• M d ®Cq®N c with c N (l Ml J = <7 + liV cJ or 

• M d ®N c with c N {l Ml J = 1jv c 

• N c , 

where M rf is (TQ|) and N c is either a factor of type Hi or III A with A ^ 0, or L°°(0, 1)®M 2 (C) 
if Mid = C and Mi d = C © C (at this point we need the structure theorem on two freely 
independent projections), such that T(N C ) = {t £ K| of 1 | Ml d = Id = af 2 }. Then, by (|46|) 
one easily observes that M = M d © M c or M = M c , and moreover M c is stably isomorphic 
to 1m 1 c M1m-l c - Therefore the exactly same argument as the previous one shows the desired 
assertions. Hence we are done in the cases (b),(c). 

4.2.2. The proof of the case (a). Consider the inclusion M D N := (M M © Cl Ml ,J V M 2 . 
Clearly (N,(p\jy) is the free product 

(M 14 ®Cl MliC ,Vi\M 1 , d mciM 1 J*{M2,(p2)- (4.7) 

Moreover, by Lemma [2^21 the pair (1m 1iC M1m 1iC , (1/^(1 m 1 iC ))<p\ i M mi Mi ) is also the free 
product 

(Mi, c , (l/^i(l Ml ,J)¥'iUf 1 ,J * (l Ml , c Nl Ml c , (l/(p(l Ml , e ))<p\ 

and cjv(1mi, c ) = Cm(1mi, )- Note that the free product (14.71) falls into the case (c), and 
therefore, by using what we have established in dealing with the cases (b),(c) we can conclude 
the desired assertions in the same way as in the cases (b),(c). Hence we are done in the case 
(a). 

4.2.3. The proof of the case (d) . The proof below will essentially be done by induction together 
with several case-by-case arguments (and thus the proof is not so difficult analytically, though 
it looks complicated at a glance). The principal aim here is to prove (M V \ M )' n = C (since 
[5] does not discuss it in full generality). In the course of proving it, we will 're-prove' all the 
facts on the structure of M d presented in [8] such as (I4.ip - (|4.4I) . The desired T-set formula of 
M c follows from {M V \ M J n M c " = C as well as the fact that every x^° j) := e^ oi) - f£° j) with 

/ S ( in (|4.3p defines a nonzero eigenvector in M c for a v . Hence our proof below is independent 
of that given in [S] . 

Step 1 — abelian case. We first consider the following special case: 




(we use the notations in [5]), where we may and do assume that a\ > ai > ■ ■ ■ ^ 0, fix > 
(3 2 > ■ ■ ■ ^ and a\ > $\. The free products of this form were already studied in detail by 
Dykema [S]. His consequence agrees with the statements of Theorem 14. II (We should point out 
that he further proved that the diffuse factor part M c is always isomorphic to an (interpolated) 
free group factor in this case.) The case of both Ki < oo (i = 1, 2) is treated as [SJ Theorem 
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2.3]. However the same tedious and elementary induction argument as there with the help of 
Theorem 13 . 71 instead of e.g. [5] Lemma 1.3, Lemma 1.4, Remark 1.5] (which heavily depend on 
so-called 'random matrix machinery') shows the desired assertions. The case where either K\ 
or K 2 is infinite is treated in [5l Theorem 4.6], but the argument presented in Step 3 below 
reduces this case to the previous one, i.e., both Ki < oo. 

Step 2 non-commutative but the centers are finite dimensional most essential 
step. Assume that both Mi = and M 2 = M 2y d have the finite dimensional centers, that is, 
both Ji and J 2 are finite sets. The proof will be done by induction in the number of non-trivial 
i?('H)-components so that we have assumed that both Mi and M 2 have the finite dimensional 
centers. Thanks to Step 1, as induction hypothesis we may assume, by switching M\ and M 2 
if necessary, that M has the following structure: 

• M 2 has B{K) (possibly with dim(/C) = oo) as a direct summand, i.e., M 2 = B()C)® Q 2 , 

• the density operator of tp 2 \b(jc) 1S diagonalized by a matrix unit system {eij}i,j of B(K-), 

• With letting 

N 2 := ^®Ce 2l ©Q 2 (C M 2 ), 
i 

N := Mi V N 2 equipped with <p\?f is nothing less than the free product (Mi, (pi) * 
(N 2 , </2 2 |jv 2 ) that satisfies the following: N is decomposed into a direct sum N — N d (BN c 
of a multi-matrix algebra whose structure agrees with the statement of Theorem 
O and a diffuse factor N c with {{N c ) v1n J n = C. 

(Remark that the above assumption on N c does not hold as it is only when Mi — C C and 
M 2 = B(JC) with dim(/C) = 2, but the argument below still works in the case too with the help 
of the structure theorem on two freely independent projections.) There are two possibilities, 
that is, 

(2-i) at least one of the diagonals e^'s falls in N c , 

(2-ii) no diagonal en falls in N c , i.e., both eulN c 7^ and eulN d 7^ hold for every i. 
Note that only dim(^C) < 00 is possible in the case (2-ii). 

Case (2-i). This case has no counterpart in [S]. 

Let us assume that e^k € N c for some k. We may assume k = 1. Consider the following sets 
of words: 

en ( M° ■■■ Mi )eji, (for all possible i, j). 
v ' 

alternating in Mf , M£ 

Let Xi, X 2 , Xs and X4 be the closed subspaces, in the standard Hilbert space H := L 2 (M, ip) via 
A v , generated by en(M 1 ° • • • M?)eu, by eu(Mf ■ ■ ■ M?)e 3 i with i ^ 1 ^ j, by e u (M£ ■ ■ ■ M?)e n 
with i ^ 1 and by en(M° ■ ■ ■ M°)eji with j ^ 1, respectively. It is easy to see, due to £ M 2 
for i j, that those X\, X 2 , X3 and X4 are mutually orthogonal and moreover that 

Ho := A v (euMeii) = CA^eu) ®X 1 ®X 2 ®X 3 ® X 4 . 

(The last assertion immediately follows from the facts that M 2 +span(A°(M°, M 2 )\M 2 ) forms 
a dense *-subalgebra of M in any von Neumann algebra topology and that M 2 en and enM 2 
are generated as linear subspaces by the e^-i's and the e^'s, respectively.) By assumption one 
can choose u £ (N C ) V \ N in such a way that u*u — uu* — en and ip(u n ) — S n oip(en), since 
en € N c and af 2 (en) — en for every tel. Then we can define a unitary operator U on Hq 
by UA lp (x) := A v (uxu*) for x £ enMen. Since N 2 + span(A°(M 1 °, AT°) \ iV 2 °) forms a dense 
*-subalgebra of N in any von Neumann algebra topology, every non-trivial power u n can clearly 
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be approximated, due to Kaplansky's density theorem, by a bounded net of linear combinations 
of words in 



en( M° 



i en. 



alternating in , N£ 

Trivially {[/"A2 } ngZ is a family of mutually orthogonal subspaces of Ho- Since N%eu = Ceu = 
euN% and N^Gji — Ce 3 i = ej\N% (both sit in Af|), we can prove that both {U n X^] z and 
{U n Xij z also become families of mutually orthogonal subspaces of "Ho- The essential point of 
showing the mutual orthogonality of {C/"^} z is as follows. (Confirming that of {U n X%} ne % 
is easier than this case.) The problem is reduced to showing that any word in 



Ml 



Ml en Ml 



Ml en Ml 



Ml ejl Ml 



Ml en 



alternating in M° , Af^ 



alternating in M ° , 



alternating in M° , iWg 



alternating in M° , 



is in the kernel of (p. By approximating each letter by analytic elements we may assume that 
each letter of the word in question is analytic. Hence by using [23l Exercise VIII. 2(2)] again 
and again we can transform the question to showing the same one for 



en Ml 



Ml en Ml 



Ml ejl Ml 



Ml e y Ml 



Ml 



alternating in M± , N% alternating in M° , M% 



alternating in M° , N% 



alternating in Af° , M| 



(n.b. ifi(af i (x)) = ifi(x), z £ C, holds for every analytic x, i — 1,2.) This question can easily 
be settled by using N%eji — Ce^-i C M%. 

Choose arbitrary x € {u}' n (enMen)" = {u}' n e\\M u e\x with representative (x(m)) m . 
Denote by Px k the projection from Hq onto Afe for fc = 1,2,3,4. Then we can prove, in 
the exactly same way as in the proof of Proposition 13.51 that for a given 7 > there is a 
neighborhood at u) on which 

\\P Xk A v (x(m))\\ v < 7 , k = 2,3,4. 

By the assumption on N c one can choose an invertible element y\ of euNeu with t 7^ 1 in 
such a way that </?(y|) = and <y^(y° t ) — y° ( for every i 6 R. (See the proof of Theorem 13. 7\ ) 
Set y° := euyfen. Clearly af(y°) — y° holds for every i6l (since the e,/s diagonalize the 
density operator of <P2\b{K)) an d 2/° can be approximated, due to Kaplansky's density theorem, 
by a bounded net consisting of linear combinations of words in eu(All ■ ■ ■ M°)efl. Since 



y°A v (e u (MZ ■ ■ ■ Ml)e n ) Q A v (e 1 ,(M 1 ° ■ 
J(y°) VA v (e n (Afr • • • M^en) = A v (e 11 (M 1 ° 
we see, as in the proof of Proposition 13.51 that 



K^{y°{x-{l/^{e ll ))^{x)e ll )) 
A vU ((x - (l/ip 2 (e u ))v u '(x)eu)y ) 



■Ml)eu), 

■ Ml)e n y°) C A ¥ ,(en(M° • • • M°)e a ) 



(^P^A^m))), 
(j(y°)VP^A y (x(m))) ? 



are orthogonal to each other in the ultraproduct Hq (c "H"), where J is the modular conjuga- 
tion of M rxW. This immediately implies that \\y°(x— (l/ip2{en))^p u '(x)eii)\\ ip ^ < || [x, y°] \\ v * . 
Therefore (euM/u)' n (euM u en) C n (enMen)" = Ceu since y° is invertible in 

enMeii. Note that every euMeu 2 euM v eu is conjugate to en-Men 3 enM^en via Aden, 
and in particular, every eaM v en is a factor. Hence one can see that cm (en) = (y^. liv^e^) + 
1jv c , since every e^ has a non-trivial part in (A r c ) ¥ ,| N by the induction hypothesis here. Con- 
sequently M = M d © M c so that M d - N d (l Nd - lv d e ll ) and ((M c ) Hm J' n M c w = C. In 
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particular, B{K,) has no contribution to the multi-matrix part Mj, and this agrees with the 
condition (|4.1[) . 

Case (2-ii). We borrow some ideas from the proof of Proposition 3.2], and then apply 
what we have provided in §3 straightforwardly. 

Since N 2 + span (A°(M?,N$) \ N%) forms a dense *-subalgebra in N in any von Neumann 
algebra topology and also since every en is minimal and central in N 2 , the von Neumann 
subalgebra euNen of en Men (1 = i = n) is the closure of the linear span of en and 

e u ( M° ••• M° )ea 

V v ' 

alternating in M° , N% 

in any von Neumann algebra topology, and thus the kernel of ip\ eii ^ eil is the closure of the 
linear span of en{M° ■ ■ ■ Mien's in the same topology. It follows that the euNen's are free 
in (enMen, (1/V( e n)) vleuMen)- By the assumption here, there is a minimal and central 
projection p € Mi such that the multi-matrix part has the component 

C ©•••© C with all tpi(p) + ip 2 (eii)-1^0 

tpi(p)+(f>2(eu)—l Vi(p)+¥>2(e„„)-l 

with n = dim(/C) < +00 and moreover that every e' u :— en—pAen falls in (A^)^ . Notice that 
every <p(e' u ) is 1 — <pi(p) since (|4.4[) holds, i.e., ip(pAeu) = ip\{p)+ip 2 {eu) — l, by the assumption 
on JVd, and hence all e' u are (Murray-von Neumann) equivalent to each other in {N C ) V \ N since 
(N C ) V \ M is a factor. (Here and in the next line the structure theorem on two freely independent 
projections is necessary when Mi = C © C and M 2 = B{JC) with dim(/C) = 2.) Therefore we 
can choose partial isometries yn (2 < i < n) from (N C ) V \ N in such a way that y*iUii — e' n and 
UnUii = e 'u- The von Neumann subalgebra P generated by eniVen = C(p A en) + e' lx N c e' xl 
and the Ceu(p A eu)en + Gene^i's (2 < i < n) in euMeu is nothing but the n-fold free 
product von Neumann algebra of 

pAen 9i :=e n eii (pAeii)eii ?i:=eiiej 4 e<i 

C © e' n N c e' n and C © C (2 ^ i ^ n). 

i-yi(p) 1 I 1 i-^i(p) i-yi (p) 

f2Ceil) »=2( c ll) t ' 3 ' e 'n Jv c e 'ii <?2(<=ii) <Pa(««) 

In what follows we may and do assume that ^(en) is the smallest among the ip 2 (eii)'s (and thus 
_ 1 yi(p) < 1 _ lz£iM). The inductive use of Theorem l3.7l and Lemma [2^2] together with the 

r 

structure theorem on two freely independent projections enables us to show that P = C © P c , 
where 

r := f\ eu(p A eu)en tp(r) = pa (en) ( max {l - (1 - pi(p))^ — 7— r, oj) 

(possibly with r — 0), and also {{P C ) V \ P )' (1 P£ = C holds since (e n AT c e n )(„| , 1 1S dif- 
fuse. We also have lp c = lp — r = \J" =1 qi, since = lp — eu(p A eu)en. Let us prove 
((g 1 M gi ) yUiMai )'n(g 1 M-g 1 )=C gi . 

Consider the von Neumann subalgebra {gi,<Zi}" in P (2 < i < n). The structure theorem 
on two freely independent projections enables us to choose a partial isometry Zi € {<Zi, 3-t}" so 
that z*Zi = qi and ZiZ* < qi, since ^(en) < <p 2 {ea) (and thus ^(51) > f{qi), 2 < i < n). 
Then u;, := ZiCnyn is an isometry in q±Mq\ with u^u>* = ZjZ* < q\. Note that enMen is 
generated by q\Nq\ — q±N c qi and the euyn's together with en, and hence q\Mqi is generated 
by qiNqi = q\N c q\, q\{q\, q 2 , ■ ■ ■ , q n }"qi an d the Wi's. (To see this, insert = z*Zj before 
each Wi and after each w* in any possible word in q\Nq\ and the lUj, w*'s, and then regroup 
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the resulting word.) We write Q := {qi, q2, . ■ . , q n }" in P and also qf := ZiZ* (< qi), 2 < i < n, 
for simplicity. 

Claim 4.4. (c./. [SJ Claim 3.2b and Claim 3.2c]) The 'restricted' traveling words in (qiQqi) = 
Ker(y>| 5l Q 91 ), {wf, (w*Y | £ G N}, 2 ^ i ^ n, form a total subset of the kernel of the restriction 
of ip to qiQqi V {wi | 2 < i < n}" in any von Neumann algebra topology. Here a traveling 
word X1X2 ■ ■ ■ X£ is said to be 'restricted' if x^ = q\x^qf holds (i.e., x^ must fall in (q'iQqf) = 
Kei((p\ q '.Q q ')) when Xk-i — (w*) 11 , Xk € (qiQqi) and Xk+i — (w{) 2 with some £\,l<i € N. 
Moreover any 'restricted' traveling word in (qiQqi) , {wf,(w*)\£ G N} 's and (qiNqi) = 
Ker(ip\ qi N qi ) (in the above sense) is in the kernel of ip. 

Proof. Notice that w*Wi = q± and WiW* = q\ G <Zi{<Zi, qi-, ■ ■ ■ , 9n}"<Zi, and thus it is not difficult, 
by using the decompositions 

x 1— > ^j^-qi + (x- ^f^qi) G Cqi + Ker(^) (if x G qiN qi U qiQqi), 
fill) <PKQi) 

x * W) q[ + {x ~ W) q '^ e Cq[ + {q * Qq ^° (if x G **Q& 2 < * < ") 

again and again, to see that qi and all the possible 'restricted' traveling words in (qiQq\)° , 
{wf, (w*Y I £ G N}'s form a total subset of qiQqi V {w; | 2 < i < n}" in any von Neumann 
algebra topology. Hence it suffices to prove that <p(x) = for any 'restricted' traveling word x 
in (qiQqi) , {wf, (w*) e | £ G N}'s and (qiNqx) . In the rest of the proof we need to give heed to 
the following simple fact: z* (q'iQq'i) z% C (qiQqi) . This is due to crf(zi) = Z{ for every teK. 
In fact this fact is the reason why usual traveling words are not suitable and 'restricted' ones 
are necessary here. Although the discussion below is almost the same as in [5J Claim 3.2c], we 
do give a sketch for the reader's convenience. 

Regrouping a given 'restricted' traveling word we can make it an alternating word in 

^1 = (<ZiA^i)° U (J (qxNy^UynNqxUyniqxNqxyy^l} |J ynNy* x , 

2<i<n 2<i^j<n 

^2 = (qiQqi) U [J (enz*QqiU qiQzieuU enz*(q' i Qq' i ) z l ei l ) U [J eazfQzjeij 

with some constraints due to the fact that Wi = Zieuyn, 2 < i < n, and their adjoints appear, 
as blocks, in the given 'restricted' traveling word. Then we firstly approximate each letter from 
r2 2 by linear combinations of words in Cj := eudien with Cj := e' u — 2 < i < n, and 

ey's. For example any element in e^z* (q'iQq'i) z^u C en(qiQqi)°eu can be approximated, due 
to Kaplansky's density theorem, by a bounded net consisting of linear combinations of words 
of the form: 

&iiqi C^Cj 2 • • • Ci rl _ 1 Ci qiC\i — e^CiCn 2 Ci 2 Ci 2 i 3 ' ' ' 



non-trivial, traveling 

(Note here that qiCi is a scalar multiple of qi.) Hence for any x G (q'iQq'i) the element 
y*ienz*xzieiiyn is approximated by linear combinations of 

Vil^-ii^i^-iil^-il^'ilii ' ' ' ^in-ii^i^iiVil = (Uil^i)^^ ^2 ^-iiii ' ' ' e i„-ii(Ci2/il)- 

Since y*i&i G enNeu and c\yn G euNen, we finally approximate the right-hand side above by 
linear combinations of words in 

en M° ■ ■ ■ A/f e ll2 M° ■ ■ ■ M t ° e l2l3 ••• e^j Mf- . -Mf en 

alternating in M° , N 2 alternating in M° , N 2 alternating in M° , N 2 
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which can be written as a linear combination of alternating words in M° , since i ^= i% 7^ 13 =/= 
•••7^ i n -i i- (Remark here that N2 + span(A°(M{ > , iV|) \ 7V|) forms a dense *-subalgebra 
of N in any von Neumann algebra topology.) In this way any 'restricted' traveling word can 
be approximated, due to Kaplansky's density theorem, by a bounded net consisting of linear 
combinations of alternating words in M°, M£ . Hence we are done. □ 

It follows from the above claim that q\Nq\ and qiQqi V {wi | 2 < i < n}" are free in 
(qxMqx, (l/ip{qi))(p\ qiMqi )• Note that (qiNqi) v \ tiNti = qi(N c ) VNr q 1 is clearly diffuse, and also 
qiQqi is non-trivial and sits in (qiMqi) v \ M . Therefore (the latter assertion of) Theorem l3.7l 
shows {qiM v q x )' n (qiM u qi ) = (foiMgi)^^ )' n (qiM qi ) u = C qi . Since c P ^ p (q x ) =e 11 -r 
(n.b. enM^en contains P V \ P ) and since r = X)"=i e i*(P ^ e u) e ii is minimal and central in 
en-Meii (n.b. e\\Me\\ is generated by P and the euyn's), one has 

e n Me n = C © (en - r)M(e u - r), (4.8) 
((e n - r)M v (e u - r))' n ((en - r)M u (e n - r)) - C(e n - r). (4.9) 
Then, by (O]) we get 



ls(/c)^ls(?c) = span{eareij 1 1 < i,j < n}ffi (V]e il (e 1 i - r)e H )Af( >J e,i(eu - r)eu 



1=1 i=l 



since {ey}t,,j is a unital matrix unit system inside the left-hand side. Therefore this description 
of l S (;qM \b<jc)i the relative commutant property (|4.9p and en — r > q\ — e' n G (iV c )„i N 
altogether show c M (en - r) = (X^ILi e»i(en - r)eu) V 1jv c = (X)"=i( e « ~ eii^u)) V 1at c = 
(52£=i(P A e " _ eiireii)) + Ijv c . Note that (en - r)M v (en - r) is conjugate, via Ade^i, 
to (en - ei\re\i)M v (ea - enreu), and thus every (e« - e i ire li )M v (eu - enreu) is a factor, 
where we remark that en — enreu falls in M v . Hence we get cm v (s-u — enreu) — CM v (e'ii) — 
c M v (e'\i) = c-M^ifiw — r ) for every i, since all e^'s are Murray-von Neumann equivalent in N v 
(C M v ). Consequently we have ( I]™=i(p a e !;i - e^re^)) + l Nc = c M (en-r) > c Mv (en-r) = 
CM^(e« - eareu) > (en - enreu) V 1jv c for every i so that c Mlfi (eii - r) = ( J2i=i(P A e u ~ 
enreu)) +1n c - Therefore we conclude Md = Nd(lN d ~ 2iLiP Ae ii)© s P ari { e ii re ij 1 1 < i,J < «■} 
and ((M c )„i M J'flJtf" = C. The description of spanjea^eij 1 1 < i, j < n} = B(JC) in agrees 
with (14.3[) . We also have 

^(eiirey) = % y2 6 " y(r) = ^^(e,^) (l - (1 - V — /-^) 

V2(en) V iS^ 2 ( fefe ) 

(if r / 0), which agrees with (|4.4p . Therefore we complete the discussion of (2-ii). In this 
case B(K.) has contribution to the multi-matrix part Md as long as r 7^ or equivalently 
E™=1 ^ i-yi(p) ' which a S rees with the conditi on gT]). 

Step 3 — general case. It remains to be dealt with the case that either Mi — Mi : d or 
M2 = M^,d has the infinite dimensional center, that is, either J\ or J2 is an infinite set. Firstly 
suppose that J\ is finite but J2 is infinite. Then, set: 



iV 2 := 1 7 oynij, 



for a finite subset J 2 <e J2, where Iju denotes the unit of N2 j'c := B(%2j)- Note 

2 > 2 Z^jgJ^e 

that AT := Mi V is a free product von Neumann algebra that is treated in Step 2 so that 
N = Nd © ^V c , where is a multi-matrix algebra whose structure is determined by the 
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algorithm in Theorem 14.11 and ((N C )^ N )' n N" = C. One can choose J 2 such that (/^(l,/^) 
is so small, and hence lj^e G A c . By Lemma [2.21 we see that 1j<cM1j<c is the free product 
von Neumann algebra of N 2 ,j^ with (l/<p 2 (lj/c)) y> 2 |iv 2 ^ c and lj^cNlj^ = lj^N c lj^ with 
(l/<^ 2 (lj^)) ( < 5 li J /cJVi J , c , and moreover c A /(lj^) = cjv(1j£<=) = l Na . Thus Theorem GET] shows 
((l./-^lj-) v U ' cN1 ,J'n(1.7-Ml, 7 ,c)" = C. Since I,,. G (N c ) vlNc and ((W c W e )' nJV " = C, 

J 2 J 2 

one has c Ntfi (lj^) = l Nc so that 1jv c > c M (l,/<0 > c-M^j'^) > c Nlfi (lj^) = l Nc implying 
Cm^(Ij^) = 1jv c . Consequently, M = M d ®M c , M d = N d and moreover ((M c ) y | M J'nJl^ = C. 

When both J\ and J2 are infinite, the same argument reduces this case to the previous one, 
i.e., one of Jj's is infinite and the other finite. Hence we are done. 

We complete the proof of the case (d). Hence the proof of Theorem 14. II is now finished. 

5. Concluding Remarks 

5.1. On {{M C ) V \ M )'r\M c = C. Let us further assume that M\ and M 2 have separable preduals. 
It is known, see e.g. Proposition 4.2], that the free product state is almost periodic if so 
are given faithful normal states. We also show in Theorem 14.11 that the diffuse factor part M c 
is always a full factor. Therefore it is important, in view of Sd-invariant of Connes [3], to see 
when ((M C ) V \ M )' n M c = C holds. If this was true, then the Sd-invariant would coincide with 
the point spectra of the modular operator A v , which is computed as the (multiplicative) group 
algebraically generated by the point spectra of the modular operators A V4 's. This is indeed the 
case; namely we can confirm that ((M c ) p i M )'nM" = C holds when both <pi and ip 2 are almost 
periodic, though the general situation is much complicated (indeed it does not hold in general 
!). On the other hand we can show that the free product state is 'special' in some sense. Those 
will be given in a separate paper |27] . 

5.2. Nuj = C =*> N' n = C ? Our main theorem (Theorem ETJ says that the diffuse 
factor part M c satisfies {M c ) u — C, and furthermore (M c )' n = C. Thus the next question 
seems interesting. Does there exist an example of properly infinite factor N with N u = C but 
N' n N 1 ^ 7^ c ? 

5.3. Lack of Cartan subalgebras. As remarked after Corollary |4.3l the diffuse factor part M c 
has no Cartan subalgebra when M (or M c ) has the weak* completely bounded approximation 
property. It is quite interesting whether or not the same phenomenon occurs in general. Remark 
here that the phenomenon holds for any 'tracial' free product of i?"-embeddable von Neumann 
algebras due to free entropy technologies [5S] , [H] , [S] • However the question is non-trivial even 
for 'tracial' free products without assuming the i? w -embeddability. 

5.4. Questions related to free Araki Woods factors. It should be a next important ques- 
tion whether or not the diffuse factor part M c is isomorphic to a free Araki- Woods factor in- 
troduced by Shlyakhtenko [50] when given Mi and M 2 are hyperfinite. The reason is that free 
Araki-Woods factors are expected to be natural models of 'free product type' von Neumann 
algebras. In the direction Houdayer 10i could successfully identify some free product factors 
of hyperfinite von Neumann algebras (including all free products of two copies of M 2 (C)) with 
some of free Araki-Woods factors in state-preserving way. 
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